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It is the dispersion of local magnetic fields-the spread of resonant frequencies 
inherent even in the simplest systems-that determines selectivity and resolution 
in NMR. The local fields among a group of coupled nuclei, for example, may 
be rendered non-stationary owing to spin flip-flops, or spin diffusion, and the 
associated resonance can acquire a certain width as a result. Another source 
of frequency dispersion arises from the dependence of most spin interactions 
on the orientation of the external magnetic field relative to each nucleus. Thus 
both the spin and spatial dependence of the magnetic interactions must be 
addressed if one is to realize full spectroscopic control in NMR. 

Local fields are manifested in different ways in solids and liquids, and 
spectroscopic methods need to be tailored accordingly. At one extreme there 
is the case of an isotropic liquid where, in the presence of rapid and random 
molecular reorientation, spatial anisotropy is averaged largely to zero. For 
sufficiently rapid tumbling, only the isotropic components of the spin 
interactions remain and so it becomes possible to achieve truly high resolution. 
In solids, however, restrictions on molecular motion prevent the spins from 
sampling a spherically symmetric set of orientations. Here, there are two general 
solutions: either remove the field altogether, and by so doing eliminate the very 
notion of directionality, as in zero-field NMR (this eliminates also the distinct 
isotropic chemical shifts of different nuclei), or, alternatively, one can impose 
an artificial motion on the spins to create the equivalent of a spherically 
symmetric environment. This latter option, that of supplying the motion 
externally, was inherent in the spin echo experiment [ 11 and its generalizations 
[2]  in which the spin angular momenta are perturbed while leaving the molecules 
in place; and in the sample-spinning experiments of Anderson [ 3 ] ,  in which 
the sample is rotated. Averaging in spin space has progressed from simple spin 
echoes to the prolonged trains introduced by Waugh and later workers for solids 
[ 4 ] .  Averaging in real space was extended to solids by magic angle spinning 
(MAS) [5,6] which, today, is a routine feature of solid state NMR. In this 
chapter we consider some new approaches that extend motional averaging in 
solid state NMR, with particular emphasis on the NMR of systems governed 
by electric quadrupole interactions. 

In designing suitable averaging techniques, one should realize first that it is 
unnecessary to implement full spherical symmetry. Since the anisotropy of the 
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spin interactions is well defined and limited, only a subset of the full rotation 
group is needed for efficient averaging. The problem then becomes one of 
determining what trajectories are both adequate and also feasible to implement 
through bulk macroscopic motions. 

The orientational dependence of a nuclear or electronic dipolar transition 
frequency can be represented formally as a sum of components, each irreducible 
under the rotation group SO(3): 

The contribution of each component wl depends on the 21+ 1 values of the 
corresponding tensor A,, , which forms the basis of the representation D(I) of 
SO(3). It also depends on the orientation QSFC = (a, P ,  y) of the magnetic field 
in a sample-fixed coordinate (SFC) system (Fig. 3.1); namely 

where D:; is an element of the associated Wigner rotation matrix (which is also 
a representation of the full rotation group). The particles in a heterogeneous 

Fig. 3.1 Two successive sets of Euler angles determine the direction of the magnetic 
field relative to the sample-fixed coordinates (SFC) and the principle axis system (PAS) 
at each nuclear site. 
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sample are randomly oriented, and hence exhibit different sets of values A/,,: 

A / ,  = C ~ / n q , ( f l ~ ~ ~ ) ,  (3.3) 
n 

where the p l ,  denote principle tensor components of rank I. Dispersion in the 
Euler angles OPAS, reflecting different orientations of the sample-fixed 
coordinate frame relative to the local principal axis system (PAS), is the formal 
reason behind inhomogeneous line broadening (or modulation of the intensity 
in optical spectroscopy or NQR). The isotropic part of the frequency in eqn 
(3.1), wo,  is the same for each particle in the sample and thus is potentially 
measurable with the highest analytical resolution. 

Spectroscopic measurement always requires a finite time to establish the 
differences between energy levels, during which the system continues to evolve 
and during which one can change the relative direction of the fields and of the 
sample. The orientation of the SFC, in general, is a function of time, and its 
motion impresses a time dependence upon the transition frequency. The observed 
phase of the signal, at some instant T, is proportional to 

which reflects the cumulative effects of the changing resonant frequency 
assuming no geometric phase is accumulated [7] . Stroboscopic measurement 

Fig. 3.2 A basic succession of orientations yielding field directions that eliminates 
anisotropy due to a tensor of rank I. The magnetic field scans I+ 1 directions, forming 
a cone with apex angle 2P(/). 
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with a sampling period of T, followed by a Fourier transformation, gives the 
average frequency of the transition over the interval. The simplest anisotropic 
term in the expansion of w ,  the dipolar term q, can be eliminated by 
summation over two opposite directions, nsFc and n F c ,  to give a net phase 
of zero at the sampling point. More generally, the anisotropy described by tensor 
components Almzo for a particular I can be averaged away by reorienting the 
sample so that the field is directed at N=l+ 1 or more directions to  form a 
cone (Fig. 3.2), that is, 

because 

k =  1 
in eqn (3.4). The remaining term, proportional to Ale, then can be eliminated 
by a suitable choice of the apex angle 2P(/): 

Values of P ( / )  for tensors up to rank I=  10 are given in Table 3.1. In real space 
this approach of discrete orientations has been demonstrated in experiments 
involving the averaging of chemical shift anisotropy 1=2 [ 8 ] .  In this work, 
the sample was mounted on a goniometer and reoriented so that the magnetic 
field (in the SFC system) assumed three orthogonal directions during the 
experiment. As the reorientation process was relatively slow, the magnetization 
was stored along the field direction during the reorientation. Magic angle 
spinning can be regarded as a continuous version of this (cubic) symmetry, in 
which the magnetic field traces out the continuous circle on the sphere, with 
the apex angle of the underlying cone determined by eqn (3.7). 

Table 3.1 Roots of  Legendre polynomials 
of  C O S ( ~ )  
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Fig. 3.3 Calculated second-order powder patterns for the central transition of a spin 
- after motional averaging with a single rotation axis at various angles. 0' (icosa- 
hedral angle), 30.56" (root of P4(cos p(4))), 37.38' (icosahedral angle), 54.74" (root of 
P,(cos p(2))), 63.43" (icosahedral angle), 70.12" (root of P4(cos /3(4))), 79.19" 
(icosahedral angle). 

Frequently, however, anisotropic interactions are determined by more than 
a single rank tensor. Under these conditions the line broadening caused by 
combining several tensors simultaneously cannot be suppressed by rotation about 
a single axis, but rather only scaled and altered. For example, the line shape 
of the central transition for half integer spin quadrupole nucleus is determined 
by the second- and fourth-rank tensors that describe the second-order effect 
of the quadrupolar interaction. Figure 3.3 shows various calculated powder 
patterns of the central transition for spin (I= i) in a sample spinning around 
a single axis at different angles. Figure 3.4 shows an experimental example for 
the 23Na central transition in polycrystalline sodium oxalate at 105.8 MHz. For 
standard MAS, the powder pattern is determined by the fourth rank tensor 
(Fig. 3.4(c)). Spinning at either one of the magic angles of the fourth-rank tensor 
results in spectra with line shapes characteristic of the second-rank tensor (Figs 
3.4(b) and (d)) ,  while other possibilities give mixed results with some variation 
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Fig. 3.4 NMR spectrum of the central transition of 23Na in sodium oxalate at 
105.8 MHz. (a) Static sample. (b) Sample spinning around axis at 30.56O. (c) Sample 
spinning around axis at 54.74". (d) Sample spinning around axis at 70.12' [21]. 

in linewidth (Fig. 3.3) [9] .  It is clear that the anisotropy due to more than one 
tensorial rank demands a better approximation to spherical symmtery. As an 
initial possibility we consider point subgroups r of SO(3). 

Owing to the high symmetries involved, the effect on the spectral components 
(eqn 3.1) can be conveniently analysed with group theory. We are interested 
in the average value of each frequency component over all N symmetry 
operations G of the group r: 

where 
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The representations of the group SO(3) reduce under subgroup I' as 
3 

Dij,(Q,) = C dlsx)~(" mn (QG), (3.10) 
h 

where X labels the irreducible representation of I'. The average of the 
transformation matrices (3.9) and also the averaged frequencies G: can be 
different from zero only if expansion (3.10) contains the totally symmetric 
representation Al  of I'. This follows directly from general orthogonality 
properties with respect to summation over group elements [ 101, namely from 
orthogonality with the symmetric identity representation, while 

The multiplicity of any irreducible representation X can be evaluated from 
the general expression for traces 

and the characters calculated from 

where rG is an angle of rotation of the corresponding symmetry operation, 
related to Euler angles by 

In Table 3.2 are shown characters of reducible D:; for all physically 
different symmetry operations (classes) of the most symmetrical, icosahedral 
finite rotation group r = I. In the last column we give the multiplicity of the 
symmetric representation AI  after reduction of the original representation D!),, . 
Of the first ten anisotropic spectral components, only two (1=6 and 1= 10) 
survive averaging under icosahedral symmetry. A summary of the averaging 
of tensor components under subgroups of SO(3) is shown in Fig. 3.5. Although 
icosahedral symmetry is very powerful, it has not yet found any widespread 
use in NMR except as a special case of dynamic angle spinning (DAS), a point 
to which we return later. 

Selective averaging of interactions with different ranks can be constructed 
iteratively [ 11,121 . Given a certain set of directions Q; of the magnetic field 
in the sample-fixed coordinate (SFC) system, an additional splitting of directions 
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Table 3.2 Characters of D(l) in the icosahedral subgroup 

around the original ones, as shown in Fig. 3.6, will give a stroboscopic phase of 

After averaging over the first set, a;, this can be expanded as 

where the last two sums disappear if the multiplicity of the first splitting is N' >I. 
A tensor of any rank I thus can be averaged if either P' or P" = P('), and if 

the multiplicity of both splittings exceeds the rank, N ' , "  >I. Two possibilities 
for selecting P allow for simultaneous averaging of two tensors of different ranks. 
As can be seen from eqn (3.16), the multiplicity of the first splitting can be 
reduced to l1 + 1 if II is the lowest of the two ranks. In that case the ordering 
of the apex angles also becomes important: P" =/3(/2), otherwise terms Alm 
D(:L (~(~2))  D% (~('1)). where m =  - 12, -I2+ 1, . . ., - N '  , N' , . . ., I2 will not 
be averaged. Extension of this iterative procedure to further terms of different 
rank is obvious. 
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Fig. 3.5 Averaging of  spherical harmonics under subgroups of  SO(3). 

Straightforward extension of the multiple splitting to a continuous trajectory, 
involving multiple rotations, would also require multiple time dimensions. The 
ambiguity of the phase parameters y'  in eqn (3.15) however, offers possibilities 
for a one-dimensional trajectory. Introducing a time dependence 

we can replace eqn (3.15) by its continuous counterpart 
r T  
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Fig. 3.6 Tensor interactions of two ranks, I, and I,, can be eliminated with an 
additional, or secondary splitting, of the field directions under which the interactions 
are averaged. The symmetry axes of the new cones retain the original symmetry of the 
primary splitting. 

then expression (3.18) reduces to 

which describes a rotation of the field direction (in the SFC system) with a 
continuous change in the rotation axis (Fig. 3.7). Vertices of polygons with apex 
angle 2/3(Iz) exactly fit this trajectory, while the symmetry axes of the polygons 
trace out a cone with apex angle 2/3('1). 

The iterative geometry described above was first applied to the averaging of 
second and third rank interactions in spin space, using double modulation of 
the CW irradiation [ 131. In real space, applications based on an iterative scheme 
were used to average second-order quadrupole line broadening [ 141. The fast 
reorientation is performed with a double rotor assembly (DOR), in which a 
powder sample is placed in a small rotor, spinning inside a larger rotor [ 15,161. 
The spinning axis is inclined at the angle /3(4) relative to the symmetry axis of 
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Fig. 3.7 A continuous one-dimensional trajectory to eliminate two tensors. A 
complementary set of points (commensurate with the basic splitting) can be found at 
every point on the trajectory, to average one of the tensors. Such a set is shown here 
as a pentagon. The centres of the pentagons form a continuous cone with apex angle 
such that another tensor will be averaged. 

the outer rotor, which is itself spinning at /3(2) relative to the magnetic field 
direction. 

The third (and probably most general) averaging scheme, dubbed dynamic 
angle spinning (DAS) [ 17,181, is suggested by the patterns in Fig. 3.4. Note 
that two of the line shapes (Figs 3.4(6) and (d)) are in fact mirror images with 
different scaling factors. The reflection symmetry about an isotropic shift value 
is caused by a sign inversion of ~ ~ ( c o s p ( ~ ) ) ,  and the scaling ratio is given by 

P2 (cos ~ 1 ~ ) )  I P2 (COS pi4') 1=1.87, 

where ~ 1 ~ )  = 30.56" and Pi4) = 7O.l2", respectively. Since the shift reflection 
occurs with the same scaling ratio for each particle in the sample, it is possible 
to re-phase the signal of all particles simultaneously at some time T. If evolution 
for a period TT proceeds at the angle PI ,  and subsequently for a period (1 - T) T 
at P2, the accumulated anisotropic phase will be 
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Fig. 3.8 Solution of equation (3.23) for refocusing of tensor interactions of (a) second 
rank and (b) fourth rank, in a polycrystalline sample. The line of intersection of the 
two surfaces, shown as a bold line, gives the simultaneous solution for anisotropies of 
both ranks. The bold lines are related to the curves of 8, and O2 versus s in Fig. 3 of 
[181. 
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Fig. 3.9 Icosahedral symmetry can be implemented with just two contmuous trajectories 
in cases where tensors of rank 2 and 4 are to be eliminated. In the laboratory frame, 
this appears as a fast rotation of the sample at two different angles in succession. Time 
spent along one particular trajectory is proportional to the number of vertices. In (a) 
the vertices are those of an icosahedron, the two spinning axes are ~ : ) = 0 "  and 
BY'= 63.430, and the ratio of times spinning at the two angles is 1 : 5. In b the vertices 5' are those of either an icosahedron or a dodecahedron, the angles are 37.38" and 
0:" = 79.12", and the ratio of times spinning at the two angles is 1 : 1. 
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The modulation (3.22) disappears for each interaction of rank I if 

which results in 4(q  = 0. A signal recorded at constant intervals of time T, 2T, 
3 T, . . . then will be independent of all anisotropic terms, and carry information 
only about the available isotropic shifts. 

Many variations of this approach are possible because motion of the spinning 
axis is not limited to discrete positions and equal probability. Any function of 
time P(t), satisfying the condition 

where p(t)  is a weight function, will periodically refocus the phase. For 
example, a linear sweep of the spinning axis between the angles 19.05" and 99.19" 
is a solution to eqn (3.24). Similarly, the above DOR trajectory can be 
understood as 

cos P(t) = cos /3(2) cos /3(4) + sin /3(2) sin /3(4) COSW,~ (3.25) 

and p(t) = 1, where w, is the spinning speed of the outer spinner, and /3(2) and 
/3(4) are the magic angles of the Legendre polynomials P2(cos /3) and P4(cos 0). 
The DAS trajectories can also follow the symmetry of regular polyhedra. The 
solutions of eqn (3.23) generally describe surfaces in three-dimensional space 
(/3, , P2, T), as shown in Fig. 3.8. Since the spinning angles can be interchanged, 
the surfaces exhibit inversion symmetry. A simultaneous solution for two 
equations of the form (3.23) is obtained at any point on a crossing line of two 
surfaces (Fig. 3.6). Two solutions, (37.3g0, 79.19", f) and (0°, 63.43", i ) ,  
describe circles which traverse the vertices of an icosahedron (Fig. 3.9) and thus 
present continuous extensions of icosahedral point symmetry. One of the 
solutions may be converted to the other just by inversion of one direction. 
Equation (3.22) also can be extended to give solutions for averaging three and 
more tensors, with the addition of controlled time delays and spinning angles. 
Such experiments will be successful if the motion of the spinning axis is fast 
compared to the transverse relaxation rate, or if the transient magnetization 
can be stored along the polarizing field. The latter method was actually used 
in dynamic angle spinning (DAS) experiments to remove second-order 
quadrupole line broadening in spectra of 1 7 0  [19]. We close by mentioning 
that averaging by icosahedral symmetry (or double rotation) in both spin and 
space coordinates simultaneously is an optimal solution for zero-field NMR in 
high field [20]. Mueller has discussed these new averaging techniques in detail, 
and his thesis [21] contains a number of applications. 
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